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Figure1: Depictionof threeintersectingview cones.

1 Introduction

Thisdocumentpresentaschemefor extractinga three-dimensionalquadmeshsurface
geometryof an objectwhoseshapeandmotion is capturedwith multiple ”ordinary”
cameras(e.g. film or video cameras).The geometricproblemis depictedin figure
1. In this approach,the outline of the object in the imageplaneof eachcamerais
projectedinto space.Theprojectedvolumesfrom eachof many camerasintersectwith
boundariesthat may be quite complex. The red,green,andblue conesrepresentthe
projectedvolumescomingfrom thecamerasat their apexes.Theobjectthatthey view
mustbe insidethevolumecommonto all of the projectedvolumes.Thesurfacethat
coverstheintersectionof theprojectionsis a boundinghull of theactualobject.With
many camerassurroundingtheobjectin many differentviews,theintersectionsurface
approachestheactualshapeof theobject.

Thealgorithmis ableto capturea 3D modelevenwhenjust two camerasareused.
With morecameras,themodelmorecloselyresemblestheactualobjectshape.How-
ever, at all stagesandwith any numberof cameras,thealgorithmis ”robust” and”res-
olution independent”.
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Whatfollows in this documentis arrangedin this way:

� Thebasiccameraimagingequationsfor many camerasarepresented.

� Weintroducethesilhouetteof theobjectandtheprojectedvolumethatit implies.
A systematicparametricdescriptionof thesurfaceof this volumeis created.

� Theintersectionof twoprojectedsilhouettesisacurvein space.Theconstruction
of thatcurve is workedout in detail,for theintersectionof two cameras.

� A procedureis generatedfor creatingthesurfaceof intersectionfor two cameras.
This speciallimiting caseallows a lot of mathematicalgrindingto beexplained
in thesimplestcasepossible.

� The surfacegenerationprocessfor two camerasis generalizedto
�

cameras,
with someloosenessin theexplanation.Theprocessis aniterativeschemebased
onmultipletwo cameraintersections.However, thealgorithmdoesnotsingleout
any cameraasa controlor specialonein any way. Theoutcomeis independent
of the order in which camerasare used,althoughthe intermediatestepshave
someorderdependence.

� We backupanddefinein moredetailtheintersectionoperationandthedatathat
is produced.

2 Imaging Equations

The basicequationfor imagingmapspoints �� in 3D spaceto points �� on the image
plane.Usingthecameraposition ���� andthecamerapointingdirection �� , theimaging
equationfor theperfectcamerais

��
	 ���� �� �
���
�� ���� �� ��� � �� (1)

It is easyto verify that,although �� is written asa point in 3D space,thelocusof such
pointsas �� variesall lie on a planethat has �� asits normal. Also, the units of �� are
dimensionless“tangent”units.

For multiple cameras,it is necessaryto addsomenotationalbaggagewhich may
seema little awkward,but it is chosenin anticipationof evenmore notationalbaggage
to come.We will designatethepositionandpointingdirectionfor camera� as �� ��� ���
and �� � ��� . Pointson theimageplanefor camera� are �� � ��� . A point �� in spacemapsto
theimageplaneof camera� as

�� � ��� 	 ���� �� ��� ���
�� � ��� 
�� ���� �� ��� ��� � � �� � ����� (2)
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3 The Image Plane Silhouette of a 3D Object in Several
Cameras

We imaginea scenecontainingoneor more3D objectsandtwo or morecameras.The
camerasareplacedsothatany objectsof interestarewithin theFOV of eachcamera,
but the camerasdo not have to be pointing to a commonpoint, or distributed in the
scenein somespecialway (althoughtherearesomeweakrequirementson thecamera
distribution,presentedin latersections).

The imageof eachobject in eachcamerais boundedby a silhouette,definedfor
our purposesastheclosed,contigousboundaryof theimageplaneobjectdata.Every
silhouettehasa closedboundary, evenif theedgesof theimageplaneis a partof that
boundary. For mostobjectsandscenes,theobjectwill have a complex silhouettethat
is not convex. For out purposes,we will want to useonly convex silhouettes,which
canbeconstructedby dividedup a complex oneinto a setof convex ones.Theimage
planefor camera� hasa set � � ��� 	 ��!�"$# %&	('*) �+�,� ) �.-*/ of convex silhouettes!�" � ��� ,
includingindependentobjectsandcomplex objectsthathavebeendividedup.

The boundaryof eachsilhouettecanbe parameterizedby a closedconvex curve
dependenton a singleparameter. For thepurposesof this algorithmdevelopment,we
arenot particularyconcernedwith whethertheparameteris continousor discrete,but
we do requirethat it be contiguous. If the parameteris 0 , with 021 "4365 0 5 021&798 ,
we requirethat as 0 incrementsfrom 021 ":3 to 021&798 , the boundingcurve is traversed
exactly andcompletelyone time. We must also be free to definethe pointson the
boundingcurve for parametervaluesoutside 021 ":3 and 021&798 . This is accomplished
usingbranching,with thecurvegivenasafunctionof ;=<?>?@BA4< � 0 � 021 "43 ) 021&798 � 021 "43 �,C
0 1 ":3 .

For camera� , convex silhouette% , theboundingcurvewill bedenoted�� " � ��� � 0 � .
Eachimageplaneconvex silhouettecanbeprojectedinto the3D spaceasa cone-

like volume with a cross-sectionsimilar to the boundingcurve. The surfaceof the
silhouettevolumeis obtainedjustby raytracingeverypointon theboundingcurveinto
space.Thus,theprojectedsilhouettehasthesurfacepoints

�� � ��� � 0 )ED � 	 ���� � ��� C D �� � ��� � 0 � ) (3)

with theray direction

�� � ��� � 0 � 	 ��
" � ��� � 0 �FC �� � ���# �� " � ��� � 0 �FC �� � ��� # (4)

Obviously for the projectedvolume, DHGJI and 0 is boundedby the min andmax of
thatconvex silhouette.

Fromthis point on, thesilhouetteindex label % will besuppressed,understanding
thatreferenceto any silhouetteimpliessucha label.

4 Projected Silhouettes: Intersection Constraints

If two projectedsilhouettes,from two separatecameras,intersect,the intersectionis
characterizedby a curve in spacethat is thelocusof pointsthatareon thesurfacesof
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bothprojections.Thiscurve,for two camerasK and L , is definedby theequation

�� � KM� � 0ON )MD N � 	 �� � L�� � 0OP )ED P � (5)

for suitablechoicesof theparameters0 N , 0 P , D N , and D P . This vectorequationprovides
threeconstraintson the four variables,leaving effectively onedegreeof freedomfor
thecurve.

In this sectionwe will examinethe constraintsandpropertiesof the intersection
curve thatarise.Theoutcomeof this examinationis a reductionof equation5 into ex-
pressionsfor D N and D P , alongwith a procedurefor computing0 N and 0 P from a single
parameterwhich we label Q . This singleparameteris the onedegreeof freedomde-
scribingthefinal curve. In thenext section,theseresultsareappliedto build aconcrete
setof datastructuresandproceduresfor building a self-consistentdescriptionof the
3D curve of intersection,including the impactof limited resolutionin the silhouette
datain eachcamera.

After a little vectormanipulation,we cansolve for D N and D P directly in termsof
�� � K9� , �� � L�� , anda vector R �� � KSL��UT �� ��� KM� � �� ��� LV� as

D N 	 �� � KM� 
��$'&� �� � L��W�� � LV� � 
 RX�� � L*K9�
�� � KM� 
��2'&� �� � L��Y�� � L�� � 
 �� � KM� (6)

D P 	 �� � LV� 
*�2'&� �� � K9�W�� � KM� � 
 RZ�� � KSL��
�� � L�� 
��O'&� �� � KM�Y�� � KM� � 
 �� � L�� (7)

Thesetwo equationsaresymmetric,sinceonecanbeobtainedfrom the othersimply
by interchangingthe K and L indices.Anotherwayto look at thesesolutionsis to define
thetwo unit vectors �[ � K # L�� and �[ � L # K9� by

�[ � K # LV� 	 �2'&� �� � LV�Y�� � L�� � 
 �� � K9�
�� � K9� 
*�O'&� �� � LV�Y�� � L�� � 
 �� � KM� (8)

(switch K and L in thisexpressionto get �[ � L # K9� ). Thesolutionsarethen

D N 	 �[ � K # LV� 
 RZ�� � L�KM� (9)D P 	 �[ � L # KM� 
 RZ�� � K,LV� (10)

The solutionsfor D N and D P eatup two of the constraintsin equation5. Thefinal
onecanbeusedto createa relationshipbetweenpointson the imageplaneof camera
L andthepointson theimageplanein cameraK . As a stepin thatdirection,notethat
oneof theoutcomesof equation5 is thecondition

� �� � KM�]\^�� � L�� � 
 R �� � KSL�� 	_I � (11)

This saysthat theray directions �� � KM� and �� � L�� form a planethatcontainsRZ�� � KSL�� . This
is only true whenthe rays intersect. This equationalsoprovidesthe final constraint
equationthatwe areleft with. Expandingthe �� vectorsusingequation4, we arrive at
thefollowing constraint:

I`	6�*� �� � KM� � 0 N �]C �� � KM� � \ � �� � L�� � 0 P �aC �� � LV� � / 
 RZ�� � KSL��UTcb � 0 N ) 0 P � (12)
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Whenthis equationis satisfied,pointson the imageplaneof onecameraaredirectly
mappedto pointson theotherimageplane.

Notethattheequationis pseudo-quadraticin imageplanecoordinates.Thismeans
thatpointsof intersectionthatsatisfyequation12 comein pairs,i.e. themappingis 1-
to-2d , where d GeI is someinteger. This pairwisemappingpropertyapplieswhether
mappingfrom cameraK to cameraL , or from L to K . Geometrically, the reasonfor
this behavior is that oneof the pointsof a pair is the ”entry wound” of a ray from a
camerainto thecommmonsurfaceregion,andtheothermemberof thepair is the”exit
wound”. Wewill find in thenext sectionthatthebestapproachto animplementedcode
is to usemappingsin both directionsbetweencameras.

Thereis oneimportantsituationin which thereis only oneintersectionpoint how-
ever. This caseis a degeneratesituation,in which only an isolatedpoint on the sil-
houetteshasonly onepoint of intersectionin space.Geometrically, theeffect occurs
whentheobjectin 3D spacehasa ”corner” that is sufficiently sharpthat two camera
intersectexactlyonceat thatcornderpoint. A simpleexampleof this is acube,thenthe
camerasarelooking straightontoadjacentfaces.Thecorner(s)of thecubewhenboth
camerasseearedegeneratepoints. Thereis a simplecourseof actionto take in this
casehowever: Continueto describethesituationin termsof entryandexit points,but
now thosepointsarecolocated.Thevalidity of this approachcanbeseenby moving
to apointonthesilhouettejustawayfrom thecorner, andobservethatasthesilhouette
point is movedcloserto thecorner, theentryandexit pointscometogetheraswell.

An importantpropertyof all of thesolutionsto equation12is thatthey all lie onthe
ray �� ��� KM� C D �� � KM� � 0ON � , for suitablevaluesof D . Theparticularvaluesof D areobtained
by convertingthe solutionpositonson the L cameraimageplaneto directionvectors
�� � L�� , andusingequation9 to computethevaluesof D .

Sincewehaverestrictedourselvesto convex silhouettes,thereis atmostonepairof
pointson cameraK thatmapto a pointon cameraL , andvice-versa.Hadwe chosento
not restrictthesilhouettesto convexity, therewould in generalbemorethatonepair in
eachmapping,andtheinteger d correspondsto theminimumnumberof convex pieces
asilhouettecanbedividedup into.

5 Projected Silhouettes: Curve of Intersection

In this sectionwe want to take theconstraintequations,expressedin equations9, 10,
and12 andalgorithmicallybuild datastructurescontainingthe curve of intersection.
Thedatastructureswill describethiscurvein severalways,convenientfor building the
final 3D geometryfor theintersectionof theprojectedsilhouettes.

Supposewebegin with camerasK and L . Wecanconstructthecurveof intersection
in thefollowing steps:

1. Begin with thevalue 0ON = 0ON 1 ":3 . SetthecurveparameterQ to its initial value QSf .
We now tagall quantitieswith thethis parameter, asin: 0ON � Q � .

2. Computetheimageplanepoint �� � KM� � 0 N � andraydirection �� � KM� � 0 N � .
3. Searchfor thepair of valuesof 0 P thatmake b � 0 N ) 0 P � 	gI . This is likely to re-

quirethatthedatadescribingthesilhouetteboundarycurvewill beinterpolated,
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sincethevalueof 0OP will frequentlylie betweencontrolvertices.If no valuesof
0OP satisfiesb � 0ON ) 0OP � 	hI , skip to thelaststep1.

4. Computethevalueof D N for eachmemberof thepair. Identify thememberthat
producesthesmallervalueof D N as DjiMkN � Q � , andtheothermemberas DjlnmUoN � Q � .

5. Definethestructurep � K # L�� � Q � with

p � K # L�� �O
 � T � 0 N )MD iMkN )ED lnm�oN /
(13)

andsetthevaluesto

p � K # L�� � Q � 	q� 0 N � Q � )MD iEkN � Q � )ED lnm�oN � Q � / (14)

6. Increment0ON and Q . If 0ON 5 0ON 1&798 returnto step2.

Theoutcomeof thisprocessis anarray p � K # LV� with elementsp � K # L�� � Q � , for appropriate
valuesof Q .

Of course,thereis nothingspecialaboutchoosingto startwith cameraK andloop-
ing over its silhouette.Wecouldhavestartedwith L andgeneratedthequantity p � L # KM� ,
which typically canbevery differentfrom p � K # LV� . In fact,we needto constructboth.
The reasonwhy is that, at leastfor a two-cameraproblem,whenwe reconstructthe
intersectionsurface,we will want to use p � K # LV� whenretrieving pointsthat lie on the
projectedsurfacefrom cameraK , and p � L # KM� when retrieving points that lie on the
projectedsurfacefrom cameraL . For many cameras,asimilarneedexistsbut is gener-
alizedby all of thepossibletwo-cameracomparisons.Thosedetailsarepresentedafter
thetwo-cameracaseis handledin detail.

Finally, to reconstructthe 3D surfaceof intersection,we needthe set r � L ) K � 	� p � L # KM� ) p � K # LV� / . This is insensitive to theorderingof L and K indices,which is a nice
situationbecauseit preventsundueimportancebeingplacedon a particularcamera.
We canexpressthis insensitivity as r � L ) K � 	 r � K ) L � .

6 Surface of Intersection for Two Cameras

The set r � L ) K � providessufficient datato reconstructthe 3D surfaceof intersection
for two cameras.It is importantto explicitly go throughtheprocessof surfacerecon-
structionfor two cameras,becausejust two camerasgiveslots of insight into what is
goingon andwhy, while themany cameracasehideslots of the insight in thedetails
of combinatorics.

The essentialfact neededto reconstructthe intersectionsurfaceis to realizethat
the piecesof the surfacecorrespondto sectionsof the individual projectedsurfaces,

1Whennovaluesexist, two conditionsarepossible:(1) thetwo silhouettesdonot overlap,in whichcase
noneof thepointsoneithersilhouettesatisfy s�tXu ; or (2) theintersectioncurvemaybein two unconnected
pieces,in which casea little extra informationmustbe tracked in orderto flag themasseparateandtreat
themin a consistentway throughthe restof the process.We will assumethat the trackingof a multiply
connectedsetis accomplishedvia theparameterv , i.e. thevalueof v signalswhichdisconnectedsegmentof
apoint is partof.
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with restrictedrangesof D and 0 for eachone. Identifying theserangesfor eachpro-
jectedsurfaceproducestheintersectionsurface.In fact, r � L ) K � containspreciselythat
information.

Lets seehow the information in r � L ) K � canbe usedto generatea wireframeof
thesurfaceconsistingof quadrilaterals.Focusingon cameraK , p � K # L�� � Q � , for any valid
choiceof Q , tells us thata line segmentfrom thepoint �� � K9� � 0 N � Q � )MD+iMkN � Q �$� to thepoint
�� � K9� � 0 N � Q � )MD+lwmUoN � Q �O� is a partof theintersectionsurfacelying on theprojectedsurface
from cameraK . Takentogether, theorderedsetof points � �� � KM� � 0ON � Q � )EDjiMkN � Q �O� / formsa
curve correspondingto thefamily of pointsof the”entry wound” of projectedsurface
K into L . Similarly, � �� � KM� � 0ON � Q � )EDjlnm�oN � Q �O� / is the”exit wound” curve.

We constructquadsout of this dataasfollows:

1. Assumearesolutionstepsize L D of interest.

2. For curve parameterQ andadjacentvalue Q,x , we getthefour pointsusingvalues
from p � K # L�� � Q � and p � K # L�� � Q,x �

���yz	 �� � KM� � 0ON � Q � )ED � (15)

���{|	 �� � KM� � 0ON � Q x � )ED � (16)

���}|	 �� � KM� � 0ON � Q x � )ED C L D � (17)

���~�	 �� � KM� � 0 N � Q � )ED C L D � (18)

for valuesof D and D C L D within therange� D+iMkN � Q � )EDjlnmUoN � Q � � for points1 and4,
andin therange � D iEkN � Q x � )MD lnmUoN � Q x � � for points2 and3.

3. The four points �� " form a quadrilateralapproximatinga patchof the K camera
projectedsurface.Loopovervaluesof Q and D to producethefull setof quadsin
theintersectionsurfacefrom cameraK .

Having built asetof quadsfor projectedsurfaceK , denotethesetas � � K # LV� .
Theremainingpartof theintersectionsurfaceisapatchfromthecameraL projected

surface.Wecanbuild thatoneby following thesameprocessasjustoutlined,switching
the K and L labelseverywhere,producingtheset � � L # KM� . After doingso,theoutcome
is two quad-basedpatcheswhich connecton seamsat the intersectioncurve. Each
patchwasconvertedto quadsat independentspatialresolutionssuitablefor thecamera
qualitiesanddesiredartisticuse.Thefinal combinedsurfaceof intersection,� � K ) L � is
theunionof thetwo pieces:

� � K ) L � 	 � � K # L������ � L # KM�U� (19)

7 Surface of Intersection for � Cameras

Having built the surfaceof intersectionfor just two cameras,we want now to move
on to a processfor building thesurfacefrom any numberof cameraviews. with just a
little moredefinitionwork, it is relatively straightforwardto extendtheprocessto any
numberof cameras,keepingtheoverheadrelatively small.
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Recallingthat thequantity p � K # L�� comesfrom comparingcameraL to K , we want
to definea quantity p � K # � , which comparescameraK with iteself, i.e., is just thesetof
parametricpointsthatdefinetheentiresurface:

p � K # � � Q � 	e� 0ON � Q � )EIB)ED 1&798 / ) (20)

In thiscase,the Q parameterrunsovereveryvalueof 0ON onthesilhouette,and D 1&798 is an
arbitrarylargeandsafecut-off value.With thisdefinition,wecanbuild anintersection
operatorby therelationship

p � K # L�� 	 p � K # ���Zp � L # �U� (21)

Thisintersectionoperatormustidentify disconnectedregionsof intersection,andlimits
its scopeto only rangesof 0 N which arewithin the setdefinedin the left-handof the
operator. Also, in addition to the stepsperformedin section6, the comparisontest
b 	�I is supplementedwith a testthat the DjiMkN and DjlwmUoN valuesarewithin therange
allowedby p � K # � (i.e. theleft-handargumentof the � operator).

Now supposethereare
�

camerasof interest.For themoment,pick oneof them
andlabel it K , andtheothersarelabelled L y , L { , �,�,� , L k�� y . Theportionof the inter-
sectionsurfacecomingfrom the K surfaceis obtainedby intersectingall of theothers
with K . For onecamera,theintersectionsurfaceis p � K # � . For two cameras,K and L y , it
is p � K # L y � . For threecamerasK , L y , and L { , theintersectionsurfacepieceis

p � K # L y L { � 	 p � K # L y ���Xp � L { # ��� (22)

We cancontinuethis iteractiveapproachfor
�

cameras.With theiterativeexpression

p � K # L y L { �,�+�$L�1�� y � 	 p � K # L y L { �+�,�OL�1����Xp � L�1�� y # � ) (23)

thefinal intersectionsurfacecomingfrom cameraK is p � K # L y L { �,�+�$L k�� y � .
As with thetwo cameracase,wecanbuild asetof quadsfrom p � K # L y L { �,�,�EL k�� y � ,

andlabelit � � K # L y L { �+�,�OL k�� y � . Thefull surfaceof intersectionis definedastheunion
of all of theintersectionpiecesasthesurfacesarecycledthrough:

� �2'*)E�B) �,�+� ) � � 	 � k NY� y � � K # L y L { �+�,�$L k�� y �U� (24)

Thiscanbebuilt iteratively aswell, by setting � ��I � 	6� / , theemptyset,anditerating
as

� �2'*) �+�,� )$� C ' � 	 � �2'�) �,�+� )O� � �X� � � C '�# L y L { �+�,�OL k�� y ��� (25)

Severalcommentsarein orderat this point.

1. Thecombinedprocessof iterativelybuilding p � K # L y L { �+�,�OL k�� y � and � � K # L y L { �,�+�$L k�� y �
is relatively efficient in cpu resources.The datafor any particularcamerais
neededin avery localizedportionof thealgorithm,sothatthefull datasetfrom
all of the camerasneednot be residentsimultaneously. But delayinginput of
cameradatauntil themomentit is neededdoesnot increasecputime,sothereis
no costto thedelay.
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2. Becausethe final geometry� �2'�)M�?) �,�,� ) � � is a union, it canbe built up asa
file that is appendedaseach� � K # L y L { �+�,�OL k�� y � is constructed.Sothememory
footprint of thecodeanddatais independentof thecomplexity or resolutionof
thefinal geometry.

3. This algorithmis inherentlyindependentof theorderin which camerasarepro-
cessed.

4. Theiterative implementationof theconstructionof p � K # L y L { �,�+�$L k�� y � provides
anopportunityfor quickly eliminatingsilhouettecombinationsthatdo not pro-
ducegeometry. At somestagein theiteration,suchasituationwouldproducean
emptysetat theresult,immediatelyterminatingtheiterationwithout producing
any geometry.

8 General Expression of the Intersection Operator and
Process

The intersectionoperator � usedin section7 is the fundamentalactivity in this al-
gorithm. Becauseof its importance,this sectionis devotedto restatingits operation
in detail, for themostgeneralconditionsthatmight beencountered.Specifically, the
intersectionoperatorgivesmeaningto therelationship

� 	h� �X� (26)

with � , � , and
�

definedassilhouettesections.
The resultsof this sectionappliesto generally-shapedsilhouettesin any camera

imageplanes.Thesilhouettesneednot beconvex.

8.1 Silhouette Sections

Beforeexplicitly definingtheoperationof � , we first morecarefullydefinethestruc-
turesthatit operateson. Silhouettesectionshavethegeneralform

!�!�	�� p y ) p { ) �,�+� ) p 3 )M��� (27)

whereeachp " is anorderedsetwith theform

p 	 � 0 � Q � )ED iMk � Q � )MD lnmUo � Q � # Q 	��4� >?�,� � (28)

and � is thecameradata/functionsneededto computepointsontheimageplanefrom
avalueof 0 andpointsin spacefrom valuesof 0 and D .

Theindex Q maybecontinousor discrete,dependingonthecircumstancesdefining
thesilhouette.However, in all cases,theelementsof p areordered,in thesensethat0 � Q � is amonotonicfunctionof Q (with theexceptionof branching),andadjacentvalues
of 0 � Q � , D+iMk�� Q � and DjlwmUo�� Q � maybeinterpolatedin somewayto produceintermediate
values.Therecanbeany numberof p " setsin !�! , but eachonerepresentsacontiguous
pieceof thesurfacegeneratedby thesilhouette,andthe p " do not overlap.
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8.2 Intersection Operation

To begin fleshingout themeaningof equation26,we express� , � , and
�

in termsof
their contentsas

� 	 � p y  ) p {  ) �+�,� ) p 3�¡  )E�   � (29)

p "  	 � 0   � Q "  � )ED iMk  � Q "  � )ED lwmUo  � Q "  � � (30)

where
�

= � , � , or
�

.
Beforedefiningintersection,wefirst needto understandanoperationcalleda split.

ImagineaSilhouettesection!�! , containingamemberp consistingof

p 	¢� 0 � Q � )ED iMk � Q � )ED lnm�o � Q � � (31)

for somerangeof Q . A split at Q+£ is thecreationof two separatesetsfrom p :

p � 	 � 0 � Q � )ED iMk � Q � )MD lwmUo � Q � # Q�¤¥Q £ � (32)

p � 	 � 0 � Q � )ED iMk � Q � )MD lwmUo � Q � # Q G Q+£ � (33)

Whenasplit is performed,p is replacedby p � and pn� .
Theintersectionoperator� expresses

� 	_� �X� via thefollowing setof steps:

1. Initialize
� 	_� .

2. Begin with the first triplet, � 02¦ )EDjiMk¦ )MDjlnmUo¦ � from the setsof triplets in � . Be-
causeof theinitialization in thepreviousstep,thereis a correspondingtriplet in� 0 �&)EDjiMk� )EDjlnmUo� � in � .

3. Computetheimageplanepoint �� � � � � 02¦ � andray direction �� � � � � 02¦ � .
4. Searchfor the valuesof 02§ that make b � 02¦ ) 02§ � 	¨I . The searchshouldbe

conductedsystematicallythroughthe p "§ until all of them are found. There
shouldbeexactly two or noneof them,or possiblyonein thecaseof degenerate
intersections..If no valuesof 02§ satisfiesb � 02¦ ) 02§ � 	qI , performa split on the
current p � , andremovethiselementfrom thesplit set.

5. Computethe two valuesof D ¦ for the two valuesof 02§ . Label the two valuesD ¦ �2' � and D ¦ �©� � , with D ¦ �2' � 5 D ¦ �©� � . If D ¦ �2' ��ª DjlnmUo� or D ¦ �©� � ¤ DjiMk� , there
is no overlap.Whenthereis no overlap,performa split on thecurrent p � , and
removethepresentelementfrom thesplit set.If thereis overlap,set

D iMk� 	 ;¬«���­ D iMk� )MD ¦ �O' �O® (34)D lwmUo� 	 ; �:� ­ D lnmUo� )ED ¦ �©� �O® (35)

6. Moveto thenext triplet � 0 ¦ )EDjiMk¦ )MDjlnmUo¦ � in � with correspondingtriplet in
�

.

7. Repeatbeginningat step3 until all tripletsin � havebeenevaluated.
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8.3 Properties of the Intersection Operator

Theintersectionoperatorhasseveralpropertieswhich mayor maynot ever beuseful.
Someof themarelistedhere:

� Idempotence:

� �X� 	 ��� �X� � �¯� (36)� �X� 	 � � �©� �X� � (37)

� Noncommutative � �X�±°	 �h� � (38)

This completesthe morerigorousformalizeddefinition of the intersectionopera-
tion usedin equation23.

8.4 Special Cases

Thereare two specialsituationsin which the intersectionprocessdoesnot work as
describedabove. Thesecases,thoughrare,areeasilyidentifiedandhandledby exten-
sion. In this sectionwe presenteachspecialcaseandtheextensionto the intersection
process.

8.4.1 Sharp Corner Intersections

If the objecthas“sharp” cornersthat two or morecameraspreserve assharpin their
silhouettes,thenfor both camerasthe entranceandexit pointscanbe colocated.For
example,a rectangularbox, seenby two cameraslooking down principleaxesof the
box, will containa commoncornerof the box in their silhouettes.That cornerwill
appearto only have one intersectionpoint. In fact, it is a degeneratecasein which
thetwo intersectionpointson at thesame3D location.This caseis handledby setting
the ² � and ³µ´�¶ pointsto thesamelocation,but otherwisetreatingit thesameasall
otherintersections.The criteria for identifying that this caseis presentare: (1) only
oneintersectionpoint,and(2) neithercamerais in thefov of theother.

8.4.2 Camera Embedded in FOV

In somesituationsthecamerabeingusedto build anorderedset p is insidethefield
of view of camerathat is beingintersected.In this case,only oneintersectionwill be
found,whichis the ³µ´�¶ pointof theintersection.The ² � point is thepreviousvalue.
Detectingthis situationis relatively easy. If thereis only onepointof intersection,and
thecamerais insidethefov of thesecondcamera,thenthis caseapplies.

9 Texture Coordinates

Certainlyanimportantpartof usingtheintersectiongeometry� �2'*)E�?) �,�+� ) � � isputting
textureson thesurface.In particular, puttingtheimagedatafrom the

�
camerasonto
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the surface. Sinceall of the pointson the intersectionsurfaceareseenby all of the
cameras,thereis thepossibilityof having

�
differenttexturevaluesassignedto each

point of the surface. We do not at this stagewant to ”weed out” which texture(s)is
(are)thebestto use,sincethatmaybeverydependentontheapplication.For example,
the texturevaluechosenmaydependon theview angleof the renderingcamerawith
respectto thedatacameras.Sowe needa schemeto provide texturecoordinatesfrom
multiplecameraperspectives.

The fundamentalthing to do hereis to go back to the point at which the quad
vertices ���" weregeneratedfor eachset � � K # L y L { �,�+�OL k � . Eachof thesepointshasa
correspondingpositionin eachof the

�
cameraplanes,i.e. eachquadvertex generates

asetof texturecoordinates:

�� "F· ¶ " T � �� " � ' � ) �+�,� ) �� " � � � / (39)

So,aspartof thequaddata,westorethetexturecoordinateset ¶ " .
Of course,this proceduredoesnot definea unique texturecoordinatesystemover

theentireintersectionsurface.If thedesiredtextureweresomesyntheticallygenerated
textureratherthantheimagedata,it wouldnotbeclearwhichmemberof ¶ " is theone
to use. Thereis no mathematicallycleananswerto this issue.However, onemay try
usingthecoordinatesfor thecamerathatis themostothogonallyincidentto aparticular
faceof thesurface.

10 Implementation

This algorithmis built asan iterative scheme,so thatat any stageof theprocessdata
from only two camerasis needed.An implementationshouldtake advantageof that
efficiency. If a large numberof camerasareemployed in a practicalcase,it will be
verydifficult to keepall of thedatapresentatany giventime. Limiting it to just to two
necessarycamerasat any givenstagewill beimportant.
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